For a class H ∈ H n+2 (X; Z), we define twisted Morava K-theory K(n) * (X; H) at the prime 2, as well as an integral analogue. We explore properties of this twisted cohomology theory, study a twisted Atiyah-Hirzebruch spectral sequence, and give a universal coefficient theorem (in the spirit of Khorami). We extend the construction to define twisted Morava E-theory, and provide applications to string theory and M-theory.
All of the cohomology theories that we will consider will have E * (X) a ring; this endows the spectrum E with a multiplicative structure. In the case of complex K-theory and Morava Etheory the resulting spectrum is an E ∞ ring spectrum (that is, homotopy commutative in a highly structured sense) while that of Morava K-theory is noncommutative, and is only an A ∞ -spectrum (that is, homotopy associative).
Units of ring spectra
Now assume that E is an A ∞ ring spectrum. The ring structure on the homotopy groups of E allows one to define the topological space GL 1 E of units in E as the fiber product
where π 0 (E) × ⊆ π 0 (E) is the group of units of the ring π 0 (E). The A ∞ -structure on E equips GL 1 E with a grouplike A ∞ -multiplication. This allows us to define a classifying space BGL 1 E. We recall that GL 1 participates in an adjunction with the suspension spectrum functor (see (6.12) of [5] ):
Here Z is an A ∞ space, and Map A∞ denotes the space of A ∞ maps (of spaces on the right, and of spectra on the left). This should be compared to [6] , where an E ∞ version (which we will also use in section 5) is proved. It is worth pointing out that an A ∞ map f : Z → GL 1 E defines a continuous map Bf : BZ → BGL 1 E of classifying spaces. If Z is a loop space (that is, Z ≃ ΩBZ), the homotopy class of f may be recovered as the loop map f ≃ ΩBf . Indeed, there is a bijection between homotopy classes of such maps. Thus we may conclude: Proposition 1.1. For a loop space Z, there is a natural bijection π 0 Map A∞ (Σ ∞ Z + , E) ∼ = [BZ, BGL 1 E].
Twistings
A general homotopy-theoretic description of twisted spectra can be found in [6] [33].
Definition 1.2.
For an A ∞ -ring spectrum E, a twisting of E by a space Y will be a map Y → BGL 1 E. Two twistings are isomorphic if they are homotopic. 3 We will write tw E (Y ) for the set of isomorphism classes of twistings of E by Y ; that is, Let us suppose that Y represents a contravariant functor F : T op → Set; that is, F (X) = [X, Y ]. Then any twisting u ∈ tw E (Y ) defines a twisted cohomology theory (see [33, 5] ) u * : {(X, H), H ∈ F (X)} → E * -modules. 3 We note that this gives the usual definition of isomorphic twists in the case of K-theory.
We will write E * (X; H) for u * (X, H). Let us outline the construction of E * (X; H), following [5] . In order to minimize technology (e.g., the language of ∞-categories), we employ their definition using Proposition 6.14. The composite u • H : X → BGL 1 E defines a principal GL 1 (E) bundle p : P H → X. The generalized Thom spectrum is
where E is made into a Σ ∞ GL 1 (E) + -module via the counit of the adjunction defining GL 1 . X H is an E-module by action on the right. Definition 1.3. The n th H-twisted E-(co)homology groups of X, are defined to be the homotopy groups
where F E (A, B) denotes the spectrum of E-module maps A → B. For a subspace i : A ⊆ X, there is an induced map i
The cofiber C of this map remains an E-module, and the relative twisted (co)homology groups are defined as
We recall that in the case of twists of K-theory, this rather homotopy theoretic definition reduces to the construction of Atiyah-Segal in terms of sections of bundles whose fibers are the terms in the K-theory spectrum.
Twisted generalized cohomology resembles cohomology with local coefficients. This leads to a fairly general framework for twisted generalized cohomology theories, which we now describe, following the presentation in [27] . See also [52] .
Let T op 2 denote the category of pairs of CW-complexes. For each sequence of integers and abelian groups (n, G) := (n i , G i ) 1≤i≤k , we define the category (n, G)-T op 2 of spaces with (n, G)-twist. This is the category with objects pairs of objects (X, A) of T op 2 and a sequence (a i ) 1≤i≤k of maps a i : X → K(G i , n i − 1), that is representatives for cohomology classes H ni (X; G i ) and morphisms from (X, A,
Definition 1.4 (Twisted generalized cohomology theory, after [27] ). An (n, G)-twisted cohomology theory is a sequence (E n , σ n ) n∈Z of contravariant functors E n : (n, G)-T op 2 → AbGrps and maps
, natural in objects (X, A, (a i )), such that the following properties hold:
is called the set of twists of the twisted generalized cohomology theory.
There is of course a similar set of axioms for twisted homology theories. When the set of twists is empty, the above definition reduces to the usual Eilenberg-Steenrod axioms for a cohomology theory. Definition 1.3 is immediately seen to satisfy these axioms, as it is given by the homotopy groups of a spectrum.
Before discussing twists for Morava K-theory and E-theory, we recall twists of complex K-theory.
Topological K-theory. Complex K-theory is represented by the Ω-spectrum {K n } n≥0 , where K n = Z × BU if n is even and K n = U if n is odd. K 0 = Z × BU is an E ∞ -ring space for which the corresponding space of units GL 1 K = K ⊗ is the infinite loop space is Z/2 × BU ⊗ , where BU ⊗ denotes the space BU with the H-space structure induced by the tensor product of virtual vector bundles of virtual dimension 1. Hence, if X is a compact connected space, units in the ring K * (X) under tensor product are represented by virtual vector bundles of dimension ±1. The determinant defines a splitting GL
where Pic(X) is the Picard group of topological line bundles and SL 1 (K * (X)) denotes 1-dimensional virtual bundles with trivialized determinant line. At the level of the spectrum BU ⊗ of 1-dimensional units in the classifying spectrum for complex K-theory one has the following factorization [30] 
A twisting of K-theory over X is a principal Z/2 × BU ⊗ bundle over X. Altogether, twistings of K-theory over a compact space X are classified by homotopy classes of maps X → K(Z/2, 1) × K(Z, 3) × BBSU ⊗ , and so correspond to elements in
Such an element is then a triple (α, β, γ) consisting of a Z/2-twist α, a determinantal twist β, which is a K(Z, 2) bundle over X, and a higher twist γ, which is a BSU ⊗ -bundle.
In the following sections we will explore similarities and differences between the above and the case of Morava K-theory and E-theory.
Obstruction theory
Proposition 1.1 implies that, for Z = ΩX, there is a natural bijection
Therefore, in order to explore such twistings, we must get a handle on the set of homotopy classes of
There is an obstruction theory developed by Robinson [41] to compute the topology of the space of such maps. We will follow Goerss-Hopkins' presentation [18] of these results.
We work over a base A ∞ ring spectrum R, and take E to be an R-module. We will perform a number of homological algebraic computations over the ring R * of coefficients of R. In particular, if A is an R * -algebra, and M an A-bimodule, we will write HH * (A, M ) for the Hochschild cohomology of A with coefficients in M in the category of R * -modules. Proposition 1.5. If the groups HH k (R * Z, Ω s E * ) vanish for s = k − 1, and k − 2 and every k ≥ 2, then the Hurewicz map
is a bijection.
Here Ω s E * is E * shifted down in degree by s. This result is Corollary 4.4 of [18] (or rather, a version of it incorporating Theorem 4.5) applied to the case F = A ∞ , along with the recognition (e.g. Example 2.4.5 of [19] ) that the Goerss-Hopkins obstruction groups D s R * (Ass) (A, M ) are the Hochschild cohomology groups HH s+1 (A, M ). A special case is given when E = R and E * (Z) is flat over E * . The Hochschild cohomology groups in question are then
We note that since we have assumed that E * (Z) is flat over E * , products of Z admit a Künneth isomorphism 4 . Thus the latter may be identified as the E k,s 2 -term of the E * cobar spectral sequence converging to the E * -cohomology E * (BZ):
is flat over E * , the obstructions to the existence and uniqueness of the realization of a ring map E * (Z) → E * as a map BZ → BGL 1 (E) of spaces lie in the E 2 -term of the cobar spectral sequence:
Twistings of K(n)-local theories
In this section we consider twistings of Morava K(n)-theory as well as of K(n)-local theories, such as Morava E-theory. We will work mod p, that is, we are considering the rings
n ], where v n is a generator of degree |v n | = 2(p n − 1). Later in section 6 we will consider the integral case. Throughout, we equip K(n) with its homotopically unique A ∞ structure, as in [2] .
Vanishing results
In this section, we show that there are no nontrivial twistings of Morava K-theories K(n) by K(Z, m) when m > n + 2. Our tools are the computations of Ravenel-Wilson [37] and the obstruction theory described in section 1.3 above.
Hence there is a single (trivial) twisting of E by K(Z, m).
Proof. We use the techniques developed above for Z = ΩK(Z, m) = K(Z, m − 1). We need to compute the Hochschild cohomology groups
Now Ravenel-Wilson [37] show that c induces a ring isomorphism c * :
Then the obstruction groups vanish, since the base ring is E * itself. We conclude that there is a unique
up to homotopy, since there is a unique E * -algebra map E * → E * . Of course, there is an obvious such map, given as the composite
of the constant map and the unit. Thus,
is a single element, and therefore so too is tw E (K(Z, m)).
There is no need to restrict our attention in this proof to K(Z, m). Indeed, any space with finitely many nonzero homotopy groups, all concentrated in dimensions strictly greater than n + 2 will have trivial K(n) * (see, e.g., [20] ), and so the same proof applies.
Existence results
Let us now examine the boundary case of twistings of Morava K-theory K(n), that is, twisting by K(Z, n + 2). We will require the following computations from [37] :
, where |x| = 2
where the class b k has dimension 2p k p n −1 p−1 and is dual to the class x 
2. For p = 2, the set tw K(n) (K(Z, n + 2)) is a group isomorphic to the 2-adic integers, Z 2 .
Proof. As in Theorem 2.1, we need to understand the obstruction groups
According to Corollary 1.6, these obstruction groups are part of the E 2 -term of the cobar spectral sequence converging to K(n)
That spectral sequence collapses (see the proof of Theorem 12.3 in [37] ), and the target is K(n) * , occurring in filtration k = 0. Consequently, the obstruction groups vanish, and we conclude that
This also proves that the space of twistings is homotopically discrete.
To dispose of the cases p > 2, we note that every degree-preserving map K(n) * K(Z, n + 1) → K(n) * must carry each b k to 0, as there are no nonzero classes in the target in degree 2p
is uniquely specified by a potentially infinite sequence of increasing, non-negative integers
n , and all other b j to 0. Notice that the set of algebra maps in question is contained in the larger set of K(n) * -module maps
By the universal coefficient theorem, this is isomorphic to K(n) * K(Z, n+1). We are looking for maps
From this, it is easy to check that the map Hom
Remark 2.4 (Odd primes). As a consequence of the first part of this theorem, we will work at p = 2 for the rest of this section, as well as sections 3 and 4. In section 5, we will briefly return to odd primes, only to dispose of them again.
Remark 2.5 (Monoid structure on twists). Since K(n) is an A ∞ ring spectrum, GL 1 K(n) forms an A ∞ -monoid and consequently we may form BGL 1 K(n). However, K(n) is known not to be an E m -ring spectrum for any m > 1. Consequently, BGL 1 K(n) is not an H-space, so it admits no further deloopings. Consequently, it is unexpected that maps into it (i.e., twistings) should form a group. However, we will show in section 5 that these twists are descended from Morava E-theory, which admits an E ∞ ring structure, and thus its set of twists admit a group structure. The multiplication described above is inherited from that structure. Definition 2.6. The universal twisting of K(n) by K(Z, n + 2) is the topological generator u of the group of twists
That is, u = 1 + y.
Non-splitting of the space of twists
One might hope that Theorem 2.3 can be extended to show that K(Z, n+2) is a factor of BGL 1 K(n) as, for instance, is the case with topological K-theory (cf. Sec. 1.2):
For n > 1, this is quickly seen to be false by the fact that
Thus the universal cover of
Proposition 2.7. Morava K-theory does not admit a determinantal twist except in the case n = 1.
This exception essentially corresponds to a mod 2 version of topological K-theory with
1 ], where v 1 is the usual Bott generator of degree two.
Universal and non-universal twists
The results of Theorem 2.3 allow us to define, for any twist v ∈ tw K(n) (K(Z, n + 2)) and a class H ∈ H n+2 (X), the twisted Morava K-theory K(n) * (X; v(H)). In this section, we explore how the resulting group of twists changes as we vary v.
Let d ∈ Z >0 , and consider the diagram
Here ∆ d is an iterated diagonal, m d an iterated product (in a loop space), and d :
The square commutes up to homotopy because v is an A ∞ map. The same diagram holds for d = 0, if we choose to interpret ∆ 0 as the constant map and m 0 as the unit in a loop space.
Applying the classifying space functor B and passing along the top right of the diagram gives the twist v d (H) (where the power v d is performed in the group of twists). Passing along the bottom left gives v(dH). We conclude that all twisted K(n) may be obtained from the universal twisting:
With this result in mind we ignore all the non-universal twists, and make the following definition:
, where u is the universal twist. Theorem 3.1 (Properties of twisted Morava K-theory). Let K(n) * (X; H) be twisted Morava Ktheory of a space X with twisting class H. Then:
which makes ⊕ H K(n) * (X; H) into an associative ring (where H ranges over all of H n+2 (X; Z)). 4. (Naturality) If f : Y → X is a continuous map, then there is a homomorphism
Proof. If H = 0, the GL 1 K(n)-bundle P H over X determined by H is trivial. Thus the Thom spectrum X H that it defines is, too:
is thus precisely the untwisted K(n)-cohomology. This gives property 1. Property 4 is standard for twisted cohomology theories, and property 2 follows from properties 1 and 3.
To prove property 3, first note that if pr i denote the two projections,
where ∆ : X → X × X is the diagonal. Thus ∆ induces a natural map on Thom spectra
where m is given by multiplication in K(n). The induced map in homotopy ∆ * m * induces the desired cup product; its associativity and unitality follow from the corresponding prroperties of m and ∆.
Remark 3.2. There was nothing particular about K(n) in this proof; Theorem 3.1 will also hold for the twisted Morava E-theory we define in section 5.
A universal coefficient theorem
In this section we will prove an analogue of a theorem of Khorami's [23] for twisted Morava K-theory. Let H ∈ H n+2 (X), and let p : P H → X be the principal K(Z, n + 1)-bundle over X corresponding to H. Theorem 3.3. There is an isomorphism
We recall from section 2.2 (cf. expression (2.2.1)) that K(n) * (K(Z, n+ 1)) = k≥0 R(b k ), where
Proof. An explicit periodic free resolution of M k is given by
Tor Proof of Theorem 3.3. By construction, the twisted K(n)-homology of X is given by the homotopy groups of the quotient
From this description, we immediately get a bar spectral sequence
By Ravenel-Wilson's results, however, the E 2 -term may be decomposed as
Finally, it is apparent from the description of the universal twist, as given by the element
By Lemma 3.4, all of the higher Tor terms vanish.
Note that a consequence of this proof is also an explicit description of the twisted Morava Ktheory. Namely, K(n) * (P H ) comes equipped with operations b k via the action of K(Z, n + 1) on P H . Corollary 3.5. There is an isomorphism
A twisted Atiyah-Hirzebruch spectral sequence
The cellular filtration of a CW complex gives rise to the Atiyah-Hirzebruch spectral sequence (AH) for Morava K-theory. The same holds in the twisted case:
, there is a spectral sequence converging to K(n)
The first possible nontrivial differential is d 2 n+1 −1 ; this is given by
Here Q n is the n th Milnor primitive at the prime 2. It may be defined inductively as Q 0 = Sq 1 , the Bockstein operation, and Q j+1 = Sq
is the j-th Steenrod square. These operations are derivations 5 [34]
The proof of the existence of this spectral sequence is identical to the approach taken in [8] [9] . The bulk of our work in the next sections, will be devoted to computing the first differential in this spectral sequence.
Some of the properties of the differentials in the spectral sequence for twisted K-theory are discussed in [8] [9] [26] . Many of the analogous properties also hold in this setting. In particular, we have:
2. (Normalization) The twisted differential with a zero twist reduces to the untwisted differential (which may be zero).
3. (Naturality) If f : Y → X is continuous, f * induces a map of spectral sequences from the tAH for (X, H) to the tAH for (Y, f * H). On E 2 -terms it is induced by f * in cohomology, and on E ∞ -terms it is the associated graded map associated to f * in twisted Morava K-theory.
(Module)
The tAH for (X, H) is a spectral sequence of modules for the untwisted AHSS for
where a comes from the untwisted spectral sequence (with differentials d u i ). 5 The signs are of course irrelevant at p = 2, but will become appropriate in the integral version in section 6.
Preliminary spectral sequences computations
We will need a cohomology representative of the class x that figured so prominently in our construction of the twisting (cf. sections 2.2 and 3.2).
Lemma 4.2. In the K(n)-Atiyah-Hirzebruch spectral sequence for K(Z, n + 1),
the class x is represented by the class Q n−1 . . . Q 1 (j), where j ∈ H n+1 (K(Z, n + 1), F 2 ) is the fundamental class.
Proof. This follows from Ravenel-Wilson's construction of b 0 , the class dual to x. The former is defined as
where • is the product in the Hopf ring structure on K(n) * (K(Z/2, * )), and δ :
) is the map realizing the Bockstein in cohomology. The natural map
(see [38] , section 8.3.1). Therefore, b 0 is represented by a class in H * (K(Z, n + 1), F 2 ) mapping to τ 1 · · · τ n−1 ; dually, x is represented by Q n−1 . . . Q 1 (j).
We will also need to study the Atiyah-Hirzebruch-Serre spectral sequence (AHS) for the principal K(Z, n + 1)-fibration p : P H → X associated to the twisting class H:
Proof. It suffices (via pullback along H) to show this in the universal case where X = K(Z, n + 2), and H = ι ∈ H n+2 (K(Z, n + 2), F 2 ) is the fundamental class. In this case P H ≃ * , so the AHS is of the form
We compare the Atiyah-Hirzebruch-Serre spectral sequences for three different cohomology theories: K(n), its connective analogue k(n), and mod 2 cohomology H * . There are natural transformations
The first transformation corresponds to localization at (v n ), and the second is the zeroth Postnikov section of k(n). These give rise to maps of AHS:
. It is easy to see that the same element Q n−1 . . . Q 1 (j) gives rise to a permanent cycle in the AHS for k(n) * K(Z, n + 1). Consequently, there is a class X ∈ k(n) * K(Z, n + 1) with l(X) = x. Furthermore, Lemma 4.2 implies that P (X) = Q n−1 . . . Q 1 (j). Since the transgression commutes with Steenrod operations, we have
In bidegree (2 n+1 −1, 0), P is an isomorphism, so in the k(n)-AHS we may conclude that d AHS 2 n+1 −1 (X) = Q n−1 . . . Q 1 (ι). Furthermore, in that bidegree, ℓ is an isomorphism mod (x) and so we see that in the K(n)-AHS d
The first differential
Because of the sparsity of the homotopy in K(n) * , the first non-vanishing differential in tAH, the twisted AH spectral sequence, is d 2 n+1 −1 .
Lemma 4.4.
There is a natural transformation φ n :
Proof. Since this is a spectral sequence of modules over K(n) * , it is sufficient to show that this is true for k = 0. Further, since the twisted AHSS is a module over the untwisted AHSS, we can compute
where d u 2 n+1 −1 denotes the differential in the untwisted AHSS. But this is known [55] to be given by Q n . So it is enough to show that
n . Bidegree considerations imply that d 2 n+1 −1 (1) must take the form βv −1 n ; naturality of the spectral sequence in the twist ensures that β is natural in H, and so must be of the form φ n (H).
Proof of Theorem 4.1. Return to the (homological) Atiyah-Hirzebruch-Serre spectral sequence (AHS):
The quotient map K(n) * (P H ) → K(n) * (X, H) (as in section 3.2) induces a map of spectral sequences
from the above AHS spectral sequence to the twisted Atiyah-Hirzebruch spectral sequence (tAH). On the level of E 2 -terms, it is induced by map of coefficients K(n) * K(Z, n + 1) → K(n) * which is give by the universal twisting y. That is, it is the map ⊗ k R(b k ) → K(n) which sends b 0 to v n and all other b i to 0. This map is surjective, so we can recover the differential in tAH from knowledge of the differential in AHS. By degree considerations, for a class z ∈ H * (X, F p ) = E 2 * ,0 , we have
where the higher order terms all involve b i for i > 0, and a and b are operations on z which lower degree by 2 n+1 − 1. Since AHS is a comodule over the K(n)-Atiyah-Hirzebruch spectral sequence for X, it is easy to see that a = Q ∨ n is dual to the Milnor primitive operation Q n . Mapping to tAH, we see d
Comparing this to the dual spectral sequence in Lemma 4.4, we see that b(z) = (−1) |z| z ∩ (φ n (H)). Rewriting this result in the cohomology AHS spectral sequence
we deduce that φ n (H) = d
, for when we pair it against a homology class,
So, by Lemma 4.3, φ n (H) = Q n−1 · · · Q 1 (H) when p = 2, and φ n (H) = 0 when p > 2.
Twisted Morava E-theory
In this section, we will lift the previous constructions to the Lubin-Tate or Morava E-theory. We begin with a reminder of this structure; [18, 39] are much better introductions to this material, and we will give a very terse summary of the relevant part of the latter.
Defining Morava E-theory
There are several cohomology theories that compete for the title of "Morava E-theory":
• BP n , the Johnson-Wilson spectrum, with coefficients
This is constructed by killing the ideal (v n+1 , v n+2 , . . . ) in the homotopy of BP , the BrownPeterson spectrum, the home of the universal p-typical formal group law.
• E(n), the localized Johnson-Wilson spectrum, with coefficients
E(n) is constructed as the localization of BP n at v n .
• E(n), the completed, localized Johnson-Wilson spectrum, with coefficients the completion of the previous at the ideal I = (p, v 1 , ..., v n−1 ):
• E(k, Γ), the Lubin-Tate spectrum, associated to the universal deformation of a formal group law Γ over k.
Our techniques in this section will produce a twisting of the Lubin-Tate spectra. Much of this will go through for E(n), though our techniques fail for BP n and E(n), as their coefficients are not complete local rings. We offer a conjecture in section 5.3 which provides a slightly more geometric interpretation of these twistings, and, if true, would yield twistings of BP n and E(n).
Let us review the Lubin-Tate spectra in more detail: k is a perfect field of positive characteristic p, and Γ ∈ k[[x, y]] is a formal group law defined over k of height n. A deformation (B, G, i) of (k, Γ) is a complete local ring B with maximal ideal m, a formal group law G on B, and a ring homomorphism i : k → B/m with i * Γ = π * G, where π : B → B/m is the quotient map. It is a theorem of Lubin-Tate [28] that there exists a universal such deformation. This is a complete local ring A(k, Γ) with maximal ideal m such that A(k, Γ)/m is isomorphic to k. Concretely, A(k, Γ) is the null-graded ring
where W(k) is the ring of Witt vectors in k (e.g.,
This ring is equipped with a formal group law F which is terminal (in the sense of schemes, or initial in the sense of rings) among deformations of Γ. Specifically, for any deformation (B, G, i) of (k, Γ), there exists a ring homomorphism φ : A(k, Γ) → B (over k) with φ * F = G. The theorem of Goerss-Hopkins-Miller [18, 19, 39] shows that there exists an essentially unique even periodic, E ∞ ring spectrum E(k, Γ) realizing this universal deformation; that is,
E(k, Γ) is closely related to E(n). In particular, when Γ is the Honda formal group law, the map BP * → E(k, Γ) * which classifies Γ carries v k to u p k −1 u k for k < n, v n to u p n −1 , and v m to 0, when m > n.
Since the ideal m is generated by a regular sequence, the residue field
]/m is realized as the homotopy groups of a spectrum which we will denote by K(k, Γ). When k is the prime field F p , K(k, Γ) is a 2-periodic form of Morava K-theory;
More generally, if k is a finite extension of F p , then K(k, Γ) is a K(n)-algebra spectrum which is a finite rank free K(n)-module (see, e.g., Corollary 10 of [29] ).
Example 5.1. If k = F p , and Γ = G m is the multiplicative group, then A(k, Γ) = Z p ; the universal deformation is once again the multiplicative group (only over Z p instead of F p ). The resulting ring spectrum E(k, Γ) is p-completed K-theory, and K(k, Γ) is mod p K-theory.
Notation 5.2. Throughout this section, we will employ the notation E n for any of the E(k, Γ). We will also write K n for K(k, Γ). Although the homotopy type of these spectra varies with k and Γ, our results hold for all E(k, Γ), so little is lost in this abbreviation.
One consequence of the Goerss-Hopkins-Miller theorem is that for any of these Lubin-Tate theories E n = E(k, Γ), the space of units, GL 1 E n , is not just an A ∞ monoid (as above for K(n)), but an infinite loop space. Its deloopings give rise (as in, e.g. [6] ) to a connective spectrum gl 1 E n , with Ω ∞ gl 1 E n = GL 1 E n .
E ∞ twistings
We now consider twists for Morava E-theory. Our main theorem is the following:
There exists an essential map
Here HZ is the integral Eilenberg-MacLane spectrum. The map induced on infinite loop spaces is an E ∞ map Ω ∞ ϕ n : K(Z, n + 1) → GL 1 E n which allows us to twist E n by a class in H n+2 , as we did for K(n). By definition, there is an A ∞ map π : E n → K n which quotients by the ideal m.
Here, the universal twisting of K n arises from that of K(n) and the extension F p ⊆ k. The homotopical nontriviality of ϕ n follows from this Proposition. It also says that twisted Morava K-theory is in some sense a reduction of twisted Morava E-theory.
A conjecture
Consider the Johnson-Wilson spectrum BP n . Note that BP 0 = HZ (p) is the p-local EilenbergMacLane spectrum. Multiplication by v n gives a cofiber sequence
Here p n quotients by v n , and ∆ n is the connecting map in the long exact sequence, and is related to the Bockstein operator Q n defined by Baker-Würgler in [11] . Let us now define δ k as the composite
The map δ k is closely related to a map ϑ k+2 studied by Tamanoi in [49] , which he calls the BP fundamental class of K(Z (p) , n + 1).
Conjecture 5.5. Fix p = 2. There are maps of spectra
whose induced map in homotopy is x → xv n . That is, in all degrees k ≥ 2 n+1 − 2, (ψ n ) * is the composite
There is some evidence for this conjecture. For n = 1, ψ 1 exists, and its infinite delooping is the 2-localization of a map CP ∞ → GL 1 K. This is precisely the inclusion of line bundles into invertible virtual bundles which gives rise to the usual determinantal twisting of K-theory. For n = 2, the conjectured map is of the form Ω ∞ ψ 2 : BU 6 → GL 1 BP 2 . Such an E ∞ map would be adjoint to an E ∞ map of the form Σ ∞ BU 6 + → BP 2 .
Such a map might in principle be constructed from the σ-orientation M U 6 → tmf of AndoHopkins-Strickland [4] and an BP 2 -Thom isomorphism. Furthermore, in [54] , Wilson shows that the fiber sequence associated to (5.3.2) splits 6 :
One may derive from this (for k = 2 n+1 − 2) a map of spaces
where i is Wilson's splitting map. This induces the desired map in homotopy, and it is apparent that the image of the map lies in the v n component, and hence in GL 1 BP n . However, it is far from obvious that this is an infinite loop map. In any case, if the conjectured map ψ n exists, we may construct the twisting 7 ϕ n as the composite
Rather than proving the conjecture, we will show that the desired map ϕ n exists, using the André-Quillen obstruction theory.
The formal group E
To begin the obstruction theory calculations, we make use of the Bockstein spectral sequence for Morava E-theory, developed for the completed Johnson-Wilson spectra by Baker-Würgler in [11] . Write m for the maximal ideal of E n * . The E 1 -page of the spectral sequence is given by
We first note that
; this follows from the corresponding statement for K(n) by the fact that K n is a finite rank free K(n)-module. Then the Bockstein spectral sequence for K(Z, n+1) collapses at E 1 since the total degree of each class is concentrated in even dimensions. We conclude: Proposition 5.6. There is a ring isomorphism
where | x| = 2 p n −1 p−1 , and projects to x ∈ K * K(Z, n + 1) modulo m.
We note that this ring is flat over E n * and so we conclude, similarly, that
The multiplication map m :
] into a formal group over E n * with formal group law F n ( y, z) := m * ( x). This lifts a corresponding formal group law on
, and so is of height 1. Now, this G is classified by a map θ :
. . ] ∼ = BP * supports the universal 2-typical formal group law. Then the equation
(see, e.g., (A2.2.4) in [36] ) can be solved to see that θ(v i ) = 0, for i > 1. This immediately implies that G = G m . Now, a power series f ∈ E n * [[ x]] will give rise to an E n * -algebra map E n * K(Z, n + 1) → E n * precisely when f is grouplike; that is, when
Lemma 5.8. The element α = 1 + x ∈ E n * K(Z, n + 1) is grouplike. That is,
. That is, there is a ring homomorphism f : Z 2 → E n * so that F n = f * F , where F is the universal deformation of G m over Z 2 . Then, since the desired equation
We therefore obtain an E n * -algebra homomorphism α : E n * K(Z, n + 1) → E n * .
Obstruction theory
As in the A ∞ case (see sections 1.1 and 1.3), there is an adjunction
and the homotopy of the latter is computable through André-Quillen cohomology. We summarize the relevant techniques of Goerss-Hopkins [18] in the following Theorem 5.9. [Goerss-Hopkins] Let X, Y , and E be E ∞ -ring spectra, where Y is an E-algebra, and E * X is flat over E * . Assume that E * is a complete local ring with maximal ideal m and residue field k := E * /m of characteristic p. Then, if the cotangent complex L f for the map
is contractible (L f ≃ 0), the Hurewicz map
is a homotopy equivalence.
Proof. This is assembled from various arguments in sections 4, 6, and 7 of [18] . Applying Theorem 4.5, we see that the obstructions to the Hurewicz map being a homotopy equivalence lie in the generalized André-Quillen cohomology groups D s E * T (E * X, Ω t Y * ), where t > 0, and T is a simplicial E ∞ operad. Since E * is a complete local ring, the assumptions of Proposition 6.8 hold to give a spectral sequence
where E k is an E ∞ operad over k. We aim to show the abutment of this spectral sequence vanishes, so it suffices to show that the E 1 -term does. That E 1 -term is computable through sequential applications of the spectral sequences of Propositions 6.4 and 6.5:
Here R is the Dyer-Lashof algebra, and D R the derived functor of derivations of an unstable algebra over R. Similarly, U(Γ) is the category of unstable modules over an unstable R-algebra Γ. We will apply this in the case Γ = k ⊗ E * E * (X).
Then the E 1 -term of 5.5.3 vanishes if
(the input to the second spectral sequence in (5.5.4)) vanishes.
We will apply this theorem to the following setting: E is a Lubin-Tate theory E n , X = Σ ∞ K(Z, n + 1) + , and Y = E n . Then, by the dual of Proposition 5.6,
(5.5.5)
Proof. A nice criterion for the existence of a nullhomotopy of the cotangent complex L B/A is given in Corollary 21.3 of Rezk's notes [39] . Specifically, if the (p = 2) Frobenius maps σ A : A → A and σ B : B → B are isomorphisms, then L B/A is contractible. Applying this to A = k is immediate, since k is perfect. For B = k ⊗ En * E n * (X), this is a short computation from equation (5.5.5), using the fact that b
Putting Theorem 5.9 and Proposition 5.10 together, we see that there exists a (unique up to homotopy) E ∞ -map Φ n : Σ ∞ K(Z, n + 1) + → E n which induces α in E n * .
Definition 5.11. Let ϕ n : Σ n+1 HZ → gl 1 E n be the map of spectra adjoint to Φ n .
We define twisted E n -theory in the same fashion as for K(n). We first note that there are no nontrivial twistings of E n by K(Z, m) for m > n + 2 by Theorem 2.1. In contrast for m = n + 2, the map ϕ n is essential, since its adjoint induces the nonzero map α in homotopy. The infinite loop map of its suspension is of the form
This allows us to define, for every H ∈ H n+2 (X; Z), the twisted Morava E-theory E n * (X; H), as in section 1.2. Its reduction mod m is the twisted Morava K-theory of Definition 2.9. We will explore this theory in greater detail in future work. For instance, it will satisfy analogues of the properties indicated in Theorem 3.1. In the next section, we will consider a truncation that lies between E n * (X; H) and K(n) * (X; H).
Remark 5.12. Exactly the same arguments go through to produce a twisting of the completed Johnson-Wilson spectrum E(n) by H n+2 . This will be of use in the next section.
Twisted integral Morava K-theory
For each prime p, there is an integral lift of Morava K-theory which is a spectrum K(n) with
This is constructed as a quotient of E(n) by the ideal (v 1 , . . . , v n−1 ); see, e.g., [24, 25] . This theory more closely resembles complex K-theory than was the case for the mod p versions (for p = 2, n = 1, it is the 2-completion of K-theory). Therefore, the integral version might be more important for applications (indeed, cf. section 6.3).
Properties and twists
The quotient by (v 1 , . . . , v n−1 ) gives a natural transformation π : E(n) → K(n). As an A ∞ -map, this gives a well-defined essential twisting
We will continue to refer to this as the universal twisting. It defines a twisted cohomology theory K(n) * (X; H), associated to pairs (X, H), where X is a topological space and H ∈ H n+2 (X, Z) is a cohomology class.
Remark 6.1. Twisted integral Morava K-theory satisfies properties analogous to those of the mod 2 version. In particular, the integral version satisfies the same properties in Theorem 3.1.
The following is almost immediate from Theorem 4.1:
There is a twisted Atiyah-Hirzebruch spectral sequence converging to K(n) * (X; H) with E p,q
is an integral cohomology operation lifting the Milnor primitive Q k .
Relation with other twisted cohomology theories
In this section we relate twisted Morava E-theory E * n (X; H) and twisted integral Morava K-theory K(n) * (X; H) to other, perhaps more familiar, cohomology theories. We start with the latter. First, note that the familiar twisted K-theory, constructed by the map K(Z, 3) → BGL 1 K may be 2-completed. That is, the the completion map K → K ∧ 2 (where K ∧ 2 is the 2-completion of the K-theory spectrum) gives a map
. It is easy to see that the twisted K(1)-homology, is precisely the same theory: Proposition 6.3. For any space X and class H ∈ H 3 (X; Z), there is a natural isomorphism
Proof. It is immediate that there is an equivalence f :
The result follows if we show that the composite
) is the universal twist, where the first map is the determinantal twist, and the second is BGL 1 (f ). By definition, it is some power of the universal twist. It follows from the fact that the differentials in the twisted AHSS for K(1) are the same as for K (and hence K ∧ 2 ) that that power is 1.
Next we consider height 2. Ando-Blumberg-Gepner have shown [5] that the theory of topological modular forms tmf admits a twisting by a class in H 4 (X; Z). That is, there is an essential map K(Z, 4) → BGL 1 tmf . Now, E 2 is an elliptic spectrum, and so there is a natural transformation tmf → E 2 . Consequently, there is an composite map
As above, this must be some power of the universal twist of E 2 . We suspect that, as above, the power is 1.
Applications and examples from physics
In this section we provide applications to string theory and M-theory. These can also be viewed as the motivation for the constructions in this paper. Due to the relatively low dimensions involved, the cohomology theories will arise in low degrees.
Orientation with respect to twisted relative Morava K-theory K(2). The relation of the first differential to the Stiefel-Whitney classes in the untwisted case is given in [25] . We now work out the analog in the relative twisted case. As in [25] we focus on manifolds X of dimension at most 12, as appropriate for string theory. The integral lift Q 2 of the Milnor primitive is given by βSq 6 plus elements of lower Cartan-Serre filtration. Here the Steenrod square is the relative cohomology operation Sq i : H m (X, A; Z/2) → H m+i (X, A; Z/2) and β is the relative Bockstein. The main application occurs when X is 12-dimensional and A = ∂X is the 11-dimensional boundary.
We have Proposition 6.8. For a relative pair (X, A) with X of dimension ≤ 12, the orientation condition with respect to twisted relative integral Morava K-theory at the prime 2, K(2)(X, A; H 4 ), is W 7 (X, A) + Sq 3 H 4 = 0.
Applications of twisted Morava E-theory. To consider twisted Morva E-theory, we essentially work with the above examples, requiring in this case that our spacetime be also Spin. In [25] it was shown that under this condition, the orientation condition in Morava E 2 -theory at the prime p = 2 is given by W 7 = 0. That is, the Spin assumption ensures that d 3 = 0, and so the first differential is d 7 , given by the integral lift of the Milnor primitive Q 2 . In the twisted Morava E(2)-theory constructed above, we will have an orientation condition W 7 + Sq Example 2. The partition function in M-theory on a circle. We will consider the setting of [15] . M-theory on a Spin 11-dimensional manifold Y 11 has a degree four field whose characteristic class G is essentially the class a of an E 8 bundle over Y 11 . Taking Y 11 = X 10 × S 1 , one would like to relate a to classes on X 10 that admit a K-theoretic description. This places constraints on G. The theory is characterized by the partition function, ideally a complex number with phase φ a = (−1) f (a) , where f (a) is the mod 2 index of the Dirac operator coupled to the E 8 bundle. This is a topological invariant in ten dimensions which is not quite additive but rather satisfies a quadratic refinement f (a + a
for a, a ′ ∈ H 4 (X 10 ; Z). Evaluation of the partition function requires dealing with the torsion pairing T : H In [15] a variation under a → a + 2b, for b torsion, was considered; this leads to the condition W 7 (X 10 ) = 0. We will instead consider the variation under a → a + 3b for b satisfying f (b) = 0. This does not necessarily imply that f (2b) = 0 because of the cross-term coming from the quadratic refinement. We then have f (a + 3b) = f (a) + f (2b) + Now, using [48] , or equation (3.23) in [15] , we have f (2b) = X 10 b ∪ Sq 2 λ, where λ = Z a = 0. This is the first differential in twisted Morava E(2)-theory. Therefore, we have Proposition 6.10. The partition function is invariant (in the above sense) if spacetime X 10 is oriented with respect to twisted Morava E 2 -theory, with the twist given by a, the class of the E 8 bundle over X 10 .
This is an extension to the twisted case of the result in [25] .
We now give another occurrence of this condition in the above setting. The variation a → a + 2b for b torsion leads to W 7 (X 10 ) = 0 [15] . Then taking c ∈ L = H 4 tors /2H 4 tors , a vector space over Z/2, the function f (a + c) is linear in c on the vector space L ′ = {c ∈ L | Sq 3 a = 0}. Then Pontrjagin duality of the torsion pairing T implies that there exists P ∈ H 7 (X 10 ; Z) with f (c) = T (c, P ) for all c. Then we have f (a + c) = f (a) + T (c, Sq 3 a + P ). Again, requiring invariance of the phase imposes the condition Sq 3 a = P mod Sq 3 (H 4 tors ). Now, if we impose the condition a = λ on the class a, then we have W 7 (X 10 ) = Sq 3 a. Therefore, again Proposition 6.11. Consistency (in the above sense) of the M-theory partition function requires orientation with respect to twisted E 2 -theory, with the twist again given by the class of the E 8 bundle.
